It is established that the logarithm of the number of latin d-cubes of order n is Θ(n d ln n) and the logarithm of the number of pairs of orthogonal latin squares of order n is Θ(n 2 ln n). Similar estimations are obtained for systems of mutually strong orthogonal latin d-cubes. As a consequence, it is constructed a set of Steiner quadruple systems of order n such that the logarithm of its cardinality is Θ(n 3 ln n) as n → ∞ and n mod 6 = 2 or 4.
Introduction
Let Q denote the set {0, 1, . . . , q − 1}. A Steiner system with parameters τ, d, q, τ ≤ d, written S(τ, d, q), is a set of d-element subsets of Q (called blocks) with the property that each τ -element subset of Q is contained in exactly one block. The best known Steiner systems are S(2, 3, q) (called Steiner Triple Systems of order q, ST S(q)) and S(3, 4, q) (called Steiner Quadruple Systems of order q, SQS(q)). It is well known that an ST S(q) exists if and only if q mod 6 = 1 or 3. Alekseev [1] showed that the logarithm of the number of nonisomorphic ST S(q) is equal 1 to Θ(q 2 ln q) as q → ∞. Egorychev [8] obtain the asymptotic of this function, which is q 2 6 ln q. More accurate an upper bound of the number of STSs was calculated in [22] . Hanani [10] proved that the necessary condition of q mod 6 = 2 or 4 for the existence of Steiner quadruple systems of order q is also sufficient. Lenz [20] proved that the logarithm of the number of different SQSs of order q is greater than cn 3 where c > 0 is a constant and n is admissible. Constructions and properties of SQSs are studied in [13, 21, 32, 33] . Recently Keevash [16] showed that the natural divisibility conditions are sufficient for existence of Steiner system apart from a finite number of exceptional q given fixed τ and d. Moreover, Keevash [16] proved that the logarithm of the number of different S(τ, d, q) (with fit parameters) is equal to (1)) log q as q → ∞. His proof is based on probabilistic methods. One of the results in this paper is the construction of a set of SQSs that reaches asymptotic estimation Θ(q 3 ln q) as q → ∞ and q mod 6 = 2 or 4.
A latin square of order q is a q × q array of q symbols in which each symbol occurs exactly once in each row and in each column. A d 0 -dimensional array of q symbols is called a latin d 0 -cube of order q if each 2-dimensional subarray is a latin square of order q. The best known asymptotic estimate of the number of latin squares is ((1 + o(1))q/e 2 ) q 2 (see [24] ), which follows from the lower bound obtained in [8] and the upper bound that can be derived from Bregman's inequality for permanents. A table of numbers of nonequivalent latin squares of small orders is available in [15, 26, 30] . An upper bound ((1 + o(1))q/e d 0 ) q d 0 of the number of latin d 0 -cubes is proved in [23] . One of the goal in this paper is to calculate the logarithm of the number of latin d 0 -cubes of order q. It is equal to Θ(q d 0 ln q) as q → ∞. In [19] and [29] it is found estimations of the number of latin d 0 -cubes of order q as d → ∞ and q is a constant. A classification of latin hypercubes for small orders and dimensions is available in [27] .
From the definition we can be sure that a latin d 0 -cube is the d 0 -ary Cayley table of a quasigroup. A system consisting of t s-ary functions f 1 , . . . , f t (t ≥ s) is orthogonal, if for each
If the system remains orthogonal after substituting any constants for each subset of variables then it is called strongly orthogonal (see [9] ). If the number of variables equals 2 (s = 2) then such a system is equivalent to a set of Mutually Orthogonal Latin Squares (MOLS). If s > 2, it is a set of Mutually Strong Orthogonal Latin s-Cubes (MSOLC). For example, if we have three orthogonal latin cubes (t = s = 3) then each triple (a 1 , a 2 , a 3 ) ∈ Q 3 meets once
). Furthermore, if we fix one variable (x 3 = c) then we obtain three MOLS f 1 (x 1 , x 2 , c), f 2 (x 1 , x 2 , c) and
, q) code (of order q, code distance t + 1 and length d) if |C ∩ Γ| = 1 for each t-dimensional axis-aligned plane Γ. A system of t MSOLC is equivalent to an MDS code with distance t + 1 (see [9] ). For example, M DS(1, d, q) codes are equivalent to latin (d − 1)-cubes of order q. We prove that the logarithm of the number of sets of t (t ≥ 2) MOLS of order q is Θ(q 2 ln q) as q → ∞. Besides, we establish new lower bounds for the numbers of other systems of MSOLC with certain parameters. For a subsequence of orders, the logarithm of the number of systems of MOLS was found in [5] (in other terminology but using a similar method). A classification of system of MSOLC (and MDS codes) for small orders and dimensions is available in [7, 17, 18] .
The main idea of the proof of the lower bound for the number of MDS codes is as follows. Let q = p k where p is a prime number. Then we can consider elements of Q as k-dimensional vectors over GF (p). Consider a linear (over GF (p)) MDS code or latin hypercube of order p k . This code contains a lot of subcodes or switching components. In this case switching components are affine subspaces over GF (p). Then we calculate a number of possibilities to obtain a new code from the initial code by switching disjoint components. The method of switching components is discussed in [28] . We use results of [19] to obtain a lower bound for the number of latin hypercubes of large enough orders and results of [6] and [14] to obtain a lower bound for the number of pair of MOLS.
It is well known that STSs of order q are equivalent to totally symmetric quasigroups of order q. As mentioned above, a latin square can be represented as the Cayley table of a quasigroup, i. e. as a set of ordered triples of the q-element set such that each pair of elements occurs in each pair of positions and a pair of elements of any triple defines the third element of the triple. The first and the second elements of triples define row and column, and the third element defines the symbol in the corresponding entry of a latin square. Thus, given an ST S(q), we can obtain a totally symmetric latin square by replacing each unordered triple with the six ordered triples and by adding q triples of the form (a, a, a). Analogously, given an SQS(q), we can obtain a symmetric latin cube by replacing each unordered quadruple with the twenty four ordered quadruple and by adding 3q(q − 1) quadruples of the forms (a, a, b, b), (a, b, a, b), (a, b, b, a), anduadruples of the form (a, a, a, a). The main idea of the proof of the lower bound for the number of SQSs of order q is the insertion an arbitrary latin cube (of order less than q) into an SQS(q). We use some constructions of SQSs by Hanani [11] and Hartman [13] . Moreover, in one case (q mod 36 = 2) we need to introduce a new construction of SQSs which allows insert of arbitrary latin cubes.
MDS codes
The following criteria for MDS codes are well-known.
, where ̺ is the code distance of M .
Proposition 2. [9]
A set C ⊂ Q t+s is an MDS-code with code distance ̺ C = s + 1 if and only if there exists strongly orthogonal system consisting of t s-ary quasigroups f 1 , . . . , f t such that
A projection of a set C ⊂ Q d in the ith direction is called the set
Proposition 3. Any projection of an MDS code is an MDS code. Proposition 3 follows from Proposition 1. Proof. By results of [9] any MDS code correspond to a system of orthogonal quasigroups.
So (x, y, u, v, w) ∈ M whenever
The orthogonality of f and g yields that the function ϕ is well defined; and the orthogonality of f and h, the orthogonality of g and h provide that ϕ is a quasigroup. Hence the set C = {(x, y, u, v) |ϕ(u, v) = h(x, y)} is an MDS code and M ′ ⊂ C by construction.
Proposition 5.
[31] For every integer t there is an integer k(t) such that for all k > k(t) there exists a set of t MOLS of order k.
Note that k(6) is not greater than 74 (see [12] , Table 3 Let us now consider possible orders of subcodes. The following proposition is well-known for case of pairs of orthogonal latin squares (a case of MDS code with distance ̺ = 3).
Proof. By definition every strongly orthogonal system consisting of t = ̺ − 1 functions includes a system f 1 , . . . , f t of t MOLS. A system of MOLS of order ℓ consists of not more than ℓ − 1 latin squares. Therefore t ≤ ℓ − 1. Without loss of generality we can assume that the subcode includes a system of t MOLS of order ℓ over the alphabet B. Denote by b the symbols of B and by a the other symbols. By the definition of orthogonal system, for any pair a, b and any distinct i, j ∈ {1, . . . , t}, there exists (
A Latin square f is called symmetric if f (x, y) = f (y, x) for each x, y. It is called unipotent if f (x, x) = 0 for every x. By using the construction from [4] it is easy to prove Proposition 7. Let q be even and ℓ ≤ q/4. Then there is a symmetric unipotent latin square of order q with subsquare of order ℓ in
Lower bound for the number of MDS codes
Let Q be a finite field. An MDS code C is called linear (affine) if it is a linear (or affine) subspace of Q d . In this case the functions f 1 , . . . , f t (defined in Proposition 2) are linear and rank of the code is equal to dim(C) = s. Let F be a subfield of a finite field Q and |Q| = |F | k . Then we can consider Q as k-dimensional vector space over F . We will call
A number of different L(a, v) for fixed a ∈ Q is equal to the number of 1-dimensional linear subspace of F k , i. e.
By using a well-known construction of a linear MDS code ( [25] , Chapters 10,11) with matrix over prime subfield GF (p) we can conclude that the following proposition is true. If 2 < ̺ < d then the length d of a linear MDS code of order p k with code distance ̺ does not exceed p k + 1 for p = 2 or p k + 2 for p = 2 (see [2] , [3] ).
Proposition 9. Assume C is a code with a subcode C 1 of order ℓ and a code C 2 has the same parameters as C 1 . Then it is possible to exchange C 1 by C 2 in C and to obtain the code C ′ with the same parameters as C.
It is said the codes C and C ′ obtained from each other by switching [28] . If a code has nonintersecting subcodes then it is possible to apply switching independently to each of the subcodes.
From the definition of an MDS code and Proposition 8 we obtain:
and C 2 has the same parameters as C 1 . We will say that code (C \ C 1 ) ∪ C 2 obtained from C by a switching of type (I).
For example consider a pair of orthogonal latin squares of order 9 below. Two subcodes (orthogonal subsquares) are marked by boldface and italic typeface. 
Let N (q, d, ̺) be the number of MDS codes of order q with code distance ̺ and length d. p−1 p m other subcodes, which is less than p m+k . Thus we can choose t = (1 − ε(k))(p k(1+m)−1 /p 2m+k ) subcodes so that each new subcode does not intersect with the previously selected subcodes. There ε(k) is the proportion of unimpaired subcodes. We suppose that ε(k) = o(1) and ln ε(k) = o(k), for example, ε(k) = 1 k . Consequently, for choosing of each subcode we have more than w = ε(k)(p k(1+m)−1 /p m ) alternatives. By Proposition 9 the code obtained by switchings of this mutually disjoint subcodes has the same parameters as the origin code C. All t-element sets of switchings of type (I) form different codes because from any pair of an initial vector (a 1 , a 2 , . . . , a d ) and switched vector (a 1 + αv, a 2 , . . . , a d ) we can find the switching subcode. Then N (p k , d, ̺) is greater than p t w t /t!, where p is the number of different switchings of type (I). Applying Stirling's formula, we get the lower bound on N (p k , d, ̺). The lower bound comes from Theorem 1 and Proposition 11, the upper bound is trivial.
Theorem 1. For each prime number p and (a) any
d ≤ p + 1 if 3 ≤ ̺ ≤ p or (b) arbitrary d ≥ 2 if ̺ = 2 it holds ln N (p k , d, ̺) ≥ (1 + o(1))(k + m)p (k−2)m−1 ln p = (1 + o(1))p km ln p k as k → ∞, m = d − ̺ + 1. Proof. Consider a linear MDS code C ⊂ Q d , |Q| = p k ,
Proposition 12. [14]
For every integers q, ℓ ∈ {1, 2, 6}, ℓ ≤ q/3, there exists a pair of orthogonal latin squares of order q with orthogonal latin subsquares of order ℓ.
Proposition 13.
[6] For t ≥ 3 and all sufficiently large q, ℓ, q ≥ 8(t + 1) 2 ℓ, there exists a set of t MOLS of order q with mutually orthogonal latin subsquares of order ℓ.
Corollary 2. The logarithm of the number of sets of t MOLS of order q is Θ(q 2 ln q) as q → ∞ and t ≥ 2 is fixed. The lower bound follows from Theorem 1 and Proposition 12,13, the upper bound is trivial.
Designs
A t-wise balanced design t-BD is a pair (X, B) where X is a finite set of points and B is a set of subsets of X, called blocks, with property that every t-element subset of X is contained in a unique block. A 3-wise bipartite balanced design 3-BBD(n) (see [13] ) is a triple (X, g 1 , g 2 , B) where g 1 , g 2 (|g 1 | = |g 2 |) is a partition of X, |X| = n, B is a set of 4-element blocks such that |b ∩ g i | = 2 for every b ∈ B, i = 1, 2 with property that every 3-element subset s (s ∩ g i = ∅, i = 1, 2) is contained in a unique block. Obviously, Steiner system 2 S(t, k, v) is a t-BD such that |X| = v and |b| = k for every b ∈ B. Besides, Steiner quadruple system (t = 3, k = 4), we consider also a 3-BD denoted by S(3, {4, 6}, v) consisting of blocks of size 4 or 6.
Let X be a set of points, and let G = {G 1 , . . . , G d } be a partition of X into d sets of cardinality q. A transverse of G is a subset of X meeting each set G i in at most one point. A set of w-element transverses of G is an H(d, q, w, t) design (briefly, H-design, see [12] If q is even then a 3-BBD (X, g 1 , g 2 , B) is equivalent to the MDS code M ⊂ Q 4 (with the code distance 2) that satisfies the conditions
Here
Using methods of [4] , [19] and Corollary 1 we can prove the following theorem.
Theorem 2. The logarithm of the number of 3-wise bipartite balanced designs on n-element set is Θ(n 3 ln n) as n → ∞ and n is even. Proof. Suppose the quasigroup f of order n satisfies the hypothesis of Proposition 7 and ℓ ≤ n/4. Consider the MDS code M = {(x, y, u, v) | f (x, y) = f (u, v)}. It is easy to see that M meets the conditions (1). Furthermore, M has subcodes For any MDS code C of order ℓ and permutation π we define C π = {(x π1 , . . . , x π4 ) | x ∈ C}. Let Υ be a group of permutations on 4 elements generated by transpositions (12) and (34).
For any word σ = (σ 1 , . . . , σ 4 ) define πσ as (σ π1 , . . . , σ π4 ). For each π ∈ Υ we can exchange B πσ by C π in M . By Proposition 9 the obtained set M ′ is an MDS code.
By construction, M ′ satisfies (1). Since we use an arbitrary code C, the number of 3-wise bipartite balanced design is greater than the number of MDS codes of order k. From Theorem 1 we obtain the lower bound of the number of designs. The upper bound is obvious.
The following doubling construction of block designs is well known (see [13] ). Proposition 14. 1. If S n ∈ S (3, 4, n) , B n ∈ 3-BBD(n) then there exists S 2n ∈ S(3, 4, 2n) such that S n , B n ⊂ S 2n . 2. If S n ∈ S(3, {4, 6}, n), B n ∈ 3-BBD(n) then there exists S 2n ∈ S(3, {4, 6}, 2n) such that S n , B n ⊂ S 2n .
Proposition 15. ( [11] , [13] Th. 4.1) There is an injection from S(3, {4, 6}, n) to S(3, {4, 6}, 2n− 2).
Lower bound for the number of SQSs
The following theorem provides a new construction of SQSs based on MDS codes. Existence of suitable MDS codes follows from Propositions 3 -5.
Theorem 3.
1. If S 2n+2 ∈ S(3, 4, 2n + 2), B n ∈ 3−BBD(n), n > 75 is even, then there exists S 8n+2 ∈ S(3, 4, 8n + 2) such that S 2n+2 , B n ⊂ S 8n+2 .
2. If S 2n+2 ∈ S(3, {4, 6}, 2n + 2), B n ∈ 3−BBD(n), n > 75 is even, then there exists S 8n+2 ∈ S(3, {4, 6}, 8n + 2) such that S 2n+2 , B n ⊂ S 8n+2 .
Proof. Below we describe a construction of S 8n+2 for item 1. Item 2 is similar.
Denote by S 8 a SQS on I. Let S 10 be a SQS on I ∪ {e 1 , e 2 } such that {(i, 0), (i, 1), e 1 , e 2 } ∈ S 10 for every i ∈ {0, 1, 2, 3}. Since n > 75, there exists an M DS(6, 8, n) code M . We enumerate these 8 coordinates by elements of I. Consider s = {s 1 , s 2 , s 3 , s 4 } ∈ S 8 . Denote by M s the projection of M on the coordinates s. By Proposition 3 M s ∈ M DS(2, 4, n). By Proposition 4, there exists C s ∈ M DS(1, 4, n) such that M s ⊂ C s . Now we will construct SQS on a set Ω where |Ω| = 8n + 2, Ω = {e 1 , e 2 } (i,δ)∈I A (i,δ) and
Consider H-designs M * , M * s and C * s with groups A (i,δ) that correspond to MDS codes M , M s and C s . Let us determine quadruples of four types.
(a) Denote (b) Consider any 8-subset b = {a i,δ ∈ A (i,δ) |(i, δ) ∈ I} ∈ M * . For every b ∈ M * determine a set P b consisting of blocks {a s 1 , a s 2 , a s 3 , a s 4 }, where {s 1 , s 2 , s 3 , s 4 } ∈ S 10 and blocks {a s 1 , a s 2 , a s 3 , e δ }, where {s 1 , s 2 , s 3 , δ} ∈ S 10 . Denote by R 2 = {P b | b ∈ M * } the set of all these blocks. By definition of S 10 , the blocks of R 2 cover all 3-sets containing e 1 or e 2 (but not both) and two elements from A (i,δ) and A (i ′ ,δ ′ ) where i = i ′ . Moreover the blocks of R 1 ∪ R 2 cover all 3-subsets of Ω \ {e 1 , e 2 }, where the three elements lie in different groups. By the construction, the blocks from S 8n+2 = R 1 ∪ R 2 ∪ R 3 ∪ R 4 cover any 3-subset of Ω only once. To prove S 8n+2 ∈ S(3, 4, 8n + 2), we calculate |S 8n+2 |. It is well known that SQS of order m consists of
Note that it is possible to use SQSs of order 6k + 2 and 6k + 4, k ≥ 1 instead of S 8 and S 10 . Now we obtain a lower estimate of the number of block designs as a corollary of Propositions 14(2), 15, Theorem 3(2) and the asymptotic estimate from Theorem 2.
Theorem 4. The logarithm of the cardinality of S(3, {4, 6}, 2n) is greater than c(n 3 ln n), where c > 0 is a constant.
Proof. If n is even then the statement follows from Propositions 14(2) and Theorem 2. If n is odd then we will consider some cases. Let 2n = 16k + 6. Since 16k + 6 = 2(8k + 4) − 2 the statement follows from Proposition 15 and the case of even n. The cases 2n = 16k + 10 = 2(2(4k + 4) − 2) − 2 and 2n = 16k + 14 = 2(8k + 8) − 2 are similar. If 2n = 16k + 2 then we use Theorems 2 and 3(2).
We need some known constructions of SQSs. Theorem 5. The logarithm of the cardinality of S(3, 4, n) is Θ(n 3 ln n) as n → ∞ and n ≡ 2 mod 6 or n ≡ 4 mod 6.
Proof. The upper bound is obvious (see [20] ). To prove lower bound we will consider apart some subsequences of integers.
(a) Consider a subsequence n = 4k. For this subsequence the required asymptotic estimate is a corollary of Theorem 2 and Proposition 14 (1) .
(b) Consider the subsequence n ≡ 4( mod 6). Then n = 3(2r + 2) − 2 and the required asymptotic estimate is a corollary of Theorem 4 and Proposition 16.
It retains to consider three subsequences n mod 36 = 2, 14 or 26. (e) Consider the case n mod 36 = 2. If n = 6 4 r + 2 = 8(3 4 2r) + 2 then the required asymptotic estimate is a corollary of Theorems 2 and 3(1). The other cases are reduced to the subsequence n = 6 4 r + 2 by applying Proposition 17 (2) .
Notice that a trivial upper bound for the cardinality of automorphism group of SQS(n) is n!, and ln(n!) = o(n 3 ln(n)) by Stirling formula. Therefore logarithm of the number of nonisomorphic SQS(n) constructed above is asymptotically equal to Θ(n 3 ln n).
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